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$z_{t}=\Delta d(\phi(z))$ $Q\tau:=\Omega\cross(0, T]-\mathrm{h}$ ,
$\frac{\partial d(\phi(z))}{\partial\nu}=0$ $\partial\Omega\cross(0, T]\neq$ ,
$z(x, 0)=z_{0}(x)$ , $x\in\Omega$ .
(1)
, $\Omega$ $\Omega$ $\mathrm{R}^{N}(N\in \mathrm{N})$ , $T$ , $\nu$ \Omega
, $z_{0}$ , $d$ $\phi$ .
$d(r)=\{$
$d_{1}r$ , $r\geq 0$ ,
$d_{2}r$ , $r<0$ ,
$\phi(r)=\{$
$r-\lambda$ , $r>\lambda$ ,
0, $0\leq r\leq\lambda$ ,
$r$ , $r<0$ .
$d_{1}$ $d_{2}$ , , $\lambda$
, . $z$ $\phi(z)$ ,
: $\phi(z)<0$ , $\phi(z)>0$
. $\phi(z)=0$ ,




$z_{0}\in L$“ $(\Omega)$ , (1)
$\langle$ [7]. , (1) .
2.1. $z\in L^{\infty}(Q\tau)$ (1) , $d(\phi(z))\in L^{2}(0, T;H^{1}(\Omega))$
: $\zeta(\cdot, T)=0$ ( $\in C$“ $(Q\tau)$ ,




3.1. $M_{T}$ , $\tau:=T/M\tau,$ $t_{m}:=m\tau(m=0,1,2, \cdots, M_{T})$
. $z_{0}\in L$“ $(\Omega)$ , (1) $z$ $z_{\tau}$ .
137
$z_{\tau}(t)=\mathcal{K}(t-t_{m})\circ \mathcal{K}(\tau)^{m}z_{0}$ ,
$t_{m}<t\leq t_{m+1}(m=0,1,2, \ldots, M_{T}-1)$ .
$\mathcal{K}(t)$ , $a\in L^{\infty}(\Omega)$ .
$\mathcal{K}(t)a=e^{td_{1}\triangle}\phi_{1}(a)+e^{td_{2}\triangle}\phi_{2}(a)+\phi_{3}(a)$ $(t>0)$ . (2)
, $a\in L^{\infty}(\Omega)$ $e^{tD\triangle}a$
$\{$ $\frac{u_{t}\partial u}{u(x\partial\nu},=0=D\triangle u0)=a(x)$
,
$x\in\Omega\partial\Omega\cross \mathrm{R}_{+-}\mathrm{h}\Omega\cross \mathrm{R}_{+}4_{\mathrm{i}},$ ,
, $\phi_{i}(i=1,2,3)$
$\phi_{1}(a)=\phi(a)_{:}^{+}$ $\phi_{2}(a)=-\phi(a)^{-}$ , $\phi_{3}(a)=\phi(a)-a$ , $a^{\pm}= \max\{\pm a, 0\}$




3.1 . [8] Hilhorst
$[5, 6]$ . Hilhorst $[5, 6]$ (1)
$_{\llcorner}^{arrow}$ .
$U_{t}=d_{1}\triangle U+kUV-k(\lambda-W)U$ $Q_{T-}\mathrm{h}$ ,
$V_{t}=d_{2}\triangle V-kUV-kVW$ $Q\tau-\mathrm{h}$ ,
$\mathrm{T}T^{\gamma_{t}}=k(\lambda-W)U+kVW$ $Q_{T-}\mathrm{h}$ ,
$\frac{\partial U}{\partial\nu}=\frac{\partial V}{\partial\nu}=0$ an $\cross(0, T]\text{ }$ ,
(3)
$U(x, 0)=U_{0}(x):=\phi_{1}(z_{0}(x))$ , $x\in\Omega$
$V(x, 0)=V_{0}(x):=\phi_{2}(z_{0}(x))$ , $x\in\Omega$
$W(x, 0)=W_{0}(x):=\phi_{3}(z_{0}(x))$ , $x\in\Omega$ .
, $k$ .
$z_{0}\in L^{\infty}(\Omega)$ $\phi(z_{0})\in C(\overline{\Omega})$ , (3) $(U_{k}, V_{k}, W_{k})$
, $karrow+\infty$ $U_{k}+V_{k}+W_{k}$ $z_{0}$ (1)
Hilhorst .
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(1) , (3) $karrow+\infty$
. , [8] , .
$\{U^{m}\}_{m=0}^{M_{T}},$ $\{V^{m}\}_{m=0}^{M_{T}}$ $\{W^{m}\}_{m=0}^{M_{T}}$ .
1: $U^{0}(x)=U_{0}(x),$ $V^{0}(x)=V_{0}(x),$ $W^{0}(x)=W_{0}(x)$
2: $m=0,1,$ $\ldots,$ $M_{T}-1$ ,
2-1( ): $\overline{U}^{m}(\cdot, t_{m+1})=e^{\tau d_{1}\triangle}U^{m},\overline{V}^{m}(\cdot, t_{m+1})=e^{\tau d_{2}\triangle}V^{m}$
T6.
2-2 ( ): :
$\{\begin{array}{l}\hat{U}_{t}^{m}=k\hat{U}^{m}\hat{V}^{m}-k(\lambda-\hat{W}^{m})\hat{U}^{m}\hat{V}_{t}^{m}=-k\hat{U}^{m}\hat{V}^{m}-\hat{V}^{m}\hat{W}^{m}\hat{W}_{t}^{m}=k(\lambda-\hat{W}^{m})\hat{U}^{m}+\hat{V}^{m}\hat{W}^{m}\hat{U}^{m}(x,t_{m})=\overline{U}^{m}(x,t_{m+1})\hat{V}^{m}(x,t_{m})=\overline{V}^{m}(x,t_{m+1})\hat{W}^{m}(x_{\mathrm{J}}t_{m})=W^{m}(x)\end{array}$






(4) : $s=(t-t_{m})/k$ ,
$\mathrm{r}\hat{U}_{s}^{m}=\hat{U}^{m}\hat{V}^{m}-(\lambda-\hat{W}^{m})\hat{U}^{m}$ $\Omega\cross(0, k\tau]$ ,
$\hat{V}_{s}^{m}=-\hat{U}^{m}\hat{V}^{m}-\hat{V}^{m}\hat{W}^{m}$ $\Omega\cross(0, k\tau]\text{ }$ ,
$\hat{W}_{s}^{m}=(\lambda-\hat{W}^{m})\hat{U}^{m}+\hat{V}^{m}\hat{W}^{m}$ $\Omega\cross(0, k\tau]\text{ }$ ,
$\hat{U}^{m}(x, 0)=\overline{U}^{m}(x, t_{m+1})$ , $x\in\Omega$ ,
$\hat{V}^{m}(x, 0)=\overline{V}^{m}(x, t_{m+1})$ , $x\in\Omega$ ,
$\hat{W}^{m}(x, 0)=W^{m}(x)$ , $x\in\Omega$ .
, $karrow+\infty$ , (3) $sarrow\infty$









31. $N=1$ . $\Omega$ .
$z_{0}\in L^{\infty}(\Omega)$ ( , ) . $z$




$\phi \mathrm{s}(z_{\tau})arrow\phi \mathrm{s}(z)$ $L^{2}(Q\tau)$ .
, , $z_{\tau}$ Stefan (1)
, , $\Omega$ Stefan
. ,
, . , 3.1
.
32. $z_{0}\in L^{\infty}(\Omega)$ , (1) 2 $\tilde{z}_{\tau}$
.
$\tilde{z}_{\tau}(t)=\tilde{\mathcal{K}}(t-t_{m})\circ\tilde{\mathcal{K}}(\tau)^{m}z_{0}$ ,
$t_{m}<t\leq t_{m+1}$ $(m=0,1,2, \ldots, M_{T}-1)$ .
$\tilde{\mathcal{K}}(t)$ , $a\in L^{\infty}(\Omega)$ .
$\tilde{\mathcal{K}}(t)a=e^{td_{1}\triangle}\phi_{1}(a)+e^{td_{2}\triangle}\phi_{2}(a)+e^{td_{3}\triangle}\phi_{3}(a)$ $(t>0)$ .
, $M_{T},$ $\tau,$ $t_{m}(m=0,1,2, \cdots, M_{T})$ 3.1
. $d_{3}$ $c>0$ $\alpha\in(0,1)$ $d_{3}=c\tau^{\alpha}$
.
3.1 $\mathcal{K}$ $\phi_{3}$
, 32 , $\phi_{3}$ .
$d_{3}$ $\tau$ , $M_{T}$ $d_{3}$






32. $z$ $z_{0}\in L$“ $(\Omega)$ Stefan (1) ,
$M_{T}arrow\infty$ .
$\phi_{1}(\tilde{z}_{\tau})arrow\phi_{1}(z)$








. , 3.1 ,








$u,$ $v$ , $T=1$
.
$u(x, t)=2(I(t)-x)+(I(t)-x)^{2}$ , $(x, t)\in\Omega_{14}:=\mathrm{U}_{0\leq t\leq T}(0, I(t))$ ,
$v(x, t)=(I(t)-x)-(I(t)-x)^{2}$ , $(x, t)\in\Omega_{v}:=\cup 0\leq t\leq T(I(t), 1)$ .
, $I(t)=0.25+0.5t$ $t\in[0,1]$




$u(x, t)+\lambda$ , $(x, t)\in\Omega_{u}$ ,
$v(x, t)$ , $(x, t)\in\Omega_{v}$ , (5)
$w=\phi_{3}(z)$ .
$w(x, t)=\{$
$\lambda$ , $(x, t)\in\Omega_{u}$ ,
0, $(x, t)\in\Omega_{v}$ .
$z$ $f$ , (1) 1




. , $M_{X},$ $M_{T}$ , $\delta x=1/M_{X},$ $\delta t=1/M_{T}$ , $x_{i}=i\delta x$ ,
$t_{n}=n\delta t,$ $(0\leq i\leq \mathrm{J}/I_{X}, 0\leq n\leq M_{T})$ . $u_{i}^{n},$ $v_{i}^{n},$ $w_{i}^{n}(0<i<\Lambda Ix,$ $0<$
$n\leq M_{T})$ , $u(i\delta x, n\delta t),$ $v(i\delta x, n\delta t),$ $w(i\delta x, n\delta t)$ { . (
$u_{i}^{0}=u_{0}(i\delta x),$ $v_{i}^{0}=v_{0}(i\delta x),$ $w_{i}^{0}=w_{0}(i\delta x)(0\leq i\leq M_{X})$ .
.
1: $u\mathit{7},$ $v_{i}^{n}$ , 1A, 1B $\overline{u}_{i}^{n}$ , $\overline{v}_{i}^{n}$ .
1A: $\overline{u}_{i}^{n}$ .
$\overline{u}_{0}^{n}=u(0, t_{n+1})$ , $\overline{u}_{M_{X}}^{n}=0$ ,
$\frac{\overline{u}_{i}^{n}-u_{i}^{n}}{\delta t}=d_{1}\frac{\overline{u}_{i+1}^{n}-2\overline{u}_{i}^{n}+\overline{u}_{i-1}^{n}}{\delta x^{2}}+f^{+}(x_{i}, t_{n+1})$ , $(0<i<M_{X})$ .
1B: $\overline{v}_{i}^{n}$ .
$\overline{v}_{0}^{n}=0$ , $\overline{v}_{M_{X}}^{n}=v(1, t_{n+1})$ ,
$\frac{\overline{v}_{i}^{n}-v_{i}^{n}}{\delta t}=d_{2}\frac{\overline{v}_{i+1}^{n}-2\overline{v}_{i}^{n}+\overline{v}_{i-1}^{n}}{\delta x^{2}}-f^{-}(x_{i}, t_{n+1})$ , $(0<i<M_{X})$ .
2: $u_{i}^{n+1}$ $v_{i}^{n+1},$ $w_{i}^{n+1}(0\leq i\leq M_{X})$ .
$u_{i}^{n+1}=\phi_{1}(z_{i}^{n}),$ $v_{i}^{n+1}=\phi_{2}(z_{i}^{n}),$ $w_{i}^{n+1}=\phi_{3}(z_{i}^{n})$ .
, $z_{i}^{n}=\overline{u}_{i}^{n}+\overline{v}_{i}^{n}+w_{i}^{n}$ .




1 . , $\{z_{i}^{n}\}0\leq i\leq M_{X},$ $0\leq n\leq M_{T}$ $\lambda/2$ ,
2 . 3 2 .
E t $\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ –
temperature NumericaI solution $\mathrm{o}$
1 . $Mx=20,$ $M\tau=40$ .
2 . 3 2 .
4 , $\delta t$ . ,
$E_{T},$ $E_{I}$ l ,
. , $I_{n}$ $t_{n}$ .
$E_{T}= \max_{X0\leq i\leq M,0\leq n\leq M_{T}}|\phi(z(x_{i}, t_{n}))-\phi(z_{i}^{n})|$ ,





4 $\delta x=10^{-3}$ $\delta t$ $E\tau,$ $E\tau$ .
4.2
:
. $\Omega=(0,5)\cross(-1,4)$ , $T=7\Gamma/1.25$ .
$u$ $v$ .
$u(x, y, t)=(1.5-\dot{\alpha}(t)\sin\varphi)(r-1)$ , $(x, t)\in\Omega_{u}:=\{r\geq 1\}$ ,
$v(x, y, t)=0.75(r^{2}-1)$ , $(x, t)\in\Omega_{v}:=\{r<1\}$ . (6)
, $r=(x^{2}+(y-\alpha(t))^{2})^{1/2},$ $\alpha(t)=0.5+\sin(1.25t),$ $\sin\varphi=(y-\alpha(t))/r$





$u(x, t)+\lambda$ , $(x, t)\in\Omega_{u}$ ,
$v(x, t)$ , $(x, t)\in\Omega_{v}$ .
, $y=-1,$ $y=4,$ $x=5$ Dirichlet ,
(6) , $x=0$ -h Neumann .
5 $t=T$ , 6 5
144
$\mathrm{x}$
5 $t=T$ 6 5 .
.
. 7 $E_{T},$ $E_{I}$
$E_{T}= \max|\phi(z(x_{i}, y_{j}, t_{n}))-\phi(z_{i,j}^{n})|i,j,n$ ’
$E_{I}= \max_{n}$ (dist(I $(t_{n}),$ $I^{n})$ )








, $\Omega=(0,1)^{3}$ , Stefan $(v\equiv 0)$
. 8 , .
$x,$ $y,$ $z$ 100 , $1/3\cross 10^{-6}$ ,
Dirichlet $u|_{\partial\Omega}=1$ . 8 . ,
( ) $(u_{0}(x, y, z), w_{0}(x, y, z))=(1,0)$ , ( )
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